CS81 Spring 2012 GENTZEN’S SEQUENT CALCULUS

Gentzen introduced a proof procedure called the sequent calculus as an extension of his earlier
natural deduction proof system. We follow a survey given by Buss [1].
In this method, each line in a proof is a sequent where a sequent is written in the form:

Ay, ... An=By,..., B,

where the symbol = is a new symbol called the sequent arrow (not to be confused with the im-
plication symbol —) and where A; and B; are formulas. The intentional meaning of the above
sequent is that the conjunction of the A;’s implies the disjunction of the B;’s. So, an equivalent
way to write the above sequent is as the following implication:

A standard convention for an empty conjunction (m = 0) is it evaluates to T (True) while an empty
disjunction (n = 0) evaluates to | (False). So, = A = A, A == — A, and the empty sequent =
is equivalent to L.

The sequence of formulas A, ..., A,, is called the antecedent while the sequence of formulas
By, ..., B, is called the succedent. Both of these sequences are called cedents.

To prove a formula « in sequent calculus, we build a proof tree (much like the tableaux method)
by starting with a root labeled with « (at the bottom) and constructing the tree upwards. The leaves
of the tree are called the initial sequents (axioms) which are logical axioms of the form 5 = (.

Inference Rules for Sequent Calculus

1. Weakening rules:

- L I=A
weakening left: AT = A

. . = A
weakening right: ToAA

2. Exchange rules:

T, A BTy= A

exchange left: [, BAT,= A

I'= A, A B, Ay

exchange right: —— Ay, B, A Ay




. Contraction rules:

on left: INA,A= A
contraction left: F, 1= A

contraction right: [=>4,4,4
SR R AA
. Negation Introduction rules:
negation left: T=>44
£ TCAT = A
negation right: ﬂ
& BT A A
. Conjunction Introduction rules:
conjunction left: A,BT'=A
! "(AAB),D = A

'=AA I'=AB

conjunction right: I'= A, (AANB)

. Disjunction Introduction rules:

AT= A B,I'= A
(AV B),I'= A

disjunction left:

I'=AAB
I'=A,(AV B)

disjunction right:

. Implication Introduction rules:

'=AA B,I'= A

implication left: (A BT = A

Al'=AB
I'= A, (A— B)

implication right:

. Cut rule:



'=AA AT = A

cut: = A
9. Universal Introduction rules:
v Ieft: A(t), T = A
V) A@),T = A
_ I'= A Aa)
V right: !
HE T SA, (Vo) A(2)
10. Existential Introduction rules:
= left A(a), ' = A
@A), T = A
I right: [= 4 AQ)

I'= A, (Jz)A(2)

In the quantifier rules above, ¢ is any term and « is any free variable which must not appear in I’
and A (in V-right and 3-left).

Free and Bound Variables The following is an excerpt from Buss’ survey [1]:

The first-order sequent calculus has two classes of variables, called free variables and
bound variables. There are infinitely many variables of each type; free variables
are denoted by metavariables a, b, c, ..., and bound variables by the metavariables
z,y,x,.... The essential idea is that free variables may not be quantified, while bound
variables may not occur freely in formulas. The syntactic distinction between free and
bound variables necessitates a change to the definition of terms and formulas. Firstly,
terms are now defined as being built up from free variables and function symbols;
whereas, the semiterms are defined as being built up from free and bound variables
and function symbols. Secondly, only bound variables may ever be quantified. The set
of formulas is now redefined with the additional requirement that only free variables
may occur freely in formulas. Semiformulas are like formulas, except that bound vari-
ables amy occur freely in semiformulas. We henceforth use r, s, ¢, . . . as metavariables
for terms, and A, B, C . .. as metavariables for formulas.



Example 1 Proving the Distributive Law:
(aVb)AN(aVe)FaV(bAc).

The proof (in complete form) of this law in sequent calculus is as follows:

b=1>
a=a b=ba
a=a,b b= a,b 0= a %
aVb=ab a= a,c c=a,c
aVc,aVb=ab aVc=a,c
aVbaVc=ab aVbaVc=a,c

aVbaVc=abAc
aVbaVe=aV(bAc)
(aVb)AN(aVe)=aV (bAc)
A more abbreviated form of the above proof is (with some implicit exchange steps):

a=a b=1b

weakening a.b weakening ————— b= a.b aa jaac weakening cc:>:>acc weakening
v left . aVb=a,b aVe=a,c \/left
weakening weakening
aVbaVc=ab aVbaVc=a,c A right
aVbaVc=abAc ) &
V right

aVbaVvec=aV(bAc)
(aVb)AN(aVe)=aV (bAc)

A left

Example 2 Proving DeMorgan’s Law: —(Jz)—A(z) F (Vx)A(z). The proof of this law in
sequent calculus is as follows:

A(a) = A(a)
Ala) = (Vz)A(z)

= —A(a), (Vo) A(z)
= (Jz)-A(z), (Vo) A(z)
—(3x)-A(x) = (Vz)A(2)

V right
- right
Jright

— left

Example 3 Proving the sequent (Vz)A(x) V (Va)B(z) F (Vz)(A(x) V B(z)).

weakening Ala) = Ale) B(a) = B(a) weakening
et _A@) = A(a). B(a) B(a) = Ala). Ba) "/

s A@W=A@VB@)  Bla) > A{) VB@ S

§ o (¥)A@) > A(@)V Ba)  (¥)B(x) > A@) V B(a)

(Vo) A(z) V (Vz) B(z) = A(a) V B(a)
(V) A(z) V (Vo) B(z) = (Vr)(A(r) V B(x))

V right
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