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CONTEXT-FREE GRAMMARS BY EXAMPLE

v Terminals: {0, 1}

V' Variables (Nonterminals): {S, A, B}
v’ Start symbol: S.

v Context-Free Rules

€
0B
1A
0S
T1AA
1S
0BB

W >N nHn®n
N AN

The language of the grammar: strings of terminals that we can derive
from the start symbol.
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GRAMMARS, FORMALIZED

An unrestricted grammar consists of
v Afinite set L of terminals
v Adisjoint finite set V of honterminals (variables)
v Afinite set of rules of the form

LEFT — RIGHT

where LEFT € (VU X))t and RIGHT € (VU L)*
v Onedesignated S € V, called the start symbol (start variable)
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GRAMMARS, FORMALIZED

An unrestricted grammar consists of
v Afinite set L of terminals
v Adisjoint finite set V of honterminals (variables)
v Afinite set of rules of the form

LEFT — RIGHT

where LEFT € (VU X))t and RIGHT € (VU L)*
v Onedesignated S € V, called the start symbol (start variable)

In a context-free grammar, every LEFT is a single nonterminal.
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STRING REWRITING

If we have a rule
LEFT — RIGHT

this permits us to replace LEFT by RIGHT inside
any string:

ALEFTR = aRIGHTp
where o, p € (ZU V)*



CFG Intro Pumping

THE LANGUAGE OF A GRAMMAR

Given a grammar G, we define

L(G) ={wel"|S="w}

Note: L(G1) = L(G2) does not imply G = G.

A language Lis said to be context-free if it is the
language of some context-free grammar.
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CONTEXT-FREE GRAMMARS BY EXAMPLE

v Terminals: {0, 1}

V' Variables (Nonterminals): {S, A, B}
v’ Start symbol: S.

v Context-Free Rules
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The language of the grammar: strings of terminals that we can derive
from the start symbol.
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ExAMPLES: CFG CONSTRUCTION
Find CFGs for the following languages (£ = {a, b}):

1. {w € Z* |whas an odd length and a in the middle }
2. {w € XZ*|whasanoddlength }

3. {w € Z*|wapalindrome }
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NOTATIONAL VARIATIONS

S — ifEthenSelse S

| beginSL
| print E
<digit> ::=0 | 1|2 | 3|4 |5]|]6]|7]|8]9
<expr> = <digit>
| <expr> - <expr>
| ( <expr> - <expr> )
pointer:

* type-qualifier-list g
* type-qualifier-list ;. pointer



CFG Intro

Pumping

C99 INTEGER CONSTANTS

(644.1) integer-constant:

decimal-constant integer-suffixop

octal-constant  integer-suffiiop,

Bexeds T comstant int

(64.4.1) decimal-constant:
nonzero-digit
decimal-constant digit

e
4

opt

(6.4.4.1) octal-constant:
o
octal-constant octal-digit
(6.44.1) hexadecimal-constant:
hexadecimal-prefix hexadecimal-digit
hexadecimal-constant hexadecimal-digit
(6.44.1) hexadecimal-prefix: one of
0x OX

(6.4.4.1) nonzero-digit: one of
1 2 3 45 6 7 8 9

(6.44.1) octal-digit: one of
0 1 2 3 4 5 6 7

(6.44.1) hexadecimal-digit: one of

0 1 2 3 4 5 6 7 8 9
a b ¢ d e £
A B C D E F

(6.44.1) integer-suffix:
unsigned-suffix long-siffixgp;
unsigned-suffix long-long-suffix
long-suffix unsigned-suffixp;
long-long-suffix unsigned-suffixop;
(6.4.4.1) unsigned-suffix: one of
u u

(6.44.1) long-suffix: oneof
1 L

(6.44.1) long-long-suffix: one of
1] L
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PRODUCTION SEQUENCES

E—E+E|0|T1]|2]|3]4]5]6|7|8|9

DoyouagreethatE =*3+2417

E=E+E = 3+EFE = 3+E+E = 3+2+E = 3+4+2-+1
E= E+E = 3+E = 3+E+E = 3+E+1 = 342+1
E=E+E = E+1 = E+E+1 = 3+E+1 = 342+1
E=E+E = E+1 = E+E+1 = E+24+1 = 342+1
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FPARSE TREES
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E = E+E = 34+E = 3+E+E = 3+E+1 = 3+2+1
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AMBIGUITY

A grammar is ambiguous if there is a string with more than one parse
tree.
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AMBIGUITY

A grammar is ambiguous if there is a string with more than one parse

tree.
E = E ::=d
| E - E | d - E
E ::=d E o= d
E_E « o
| ) EE -
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ENCODING PRECEDENCE

+

—_——
~mmmmQao
—~ mmmm

m ~ % 1
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ENCODING PRECEDENCE

E ::=d E ::=T
| E+ E | E+ T
| E - E | E-T

| E*E

| E/E T ::=F
| CE) | T*F
| T/ F

F ::=d
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DIGRESSION

There exist inherently ambiguous languages that have no unambiguous
grammar.

{a™"c™d™ n,m >0} U {a"bMc™d"n,m >0}

Obviously, we tend to avoid when defining programming languages. ..
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DIGRESSION

There exist inherently ambiguous languages that have no unambiguous
grammar.

{a™"c™d™ n,m >0} U {a"bMc™d"n,m >0}

Obviously, we tend to avoid when defining programming languages. ..

But does every language have at least one context-free grammar?
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ANOTHER PUMPING LEMMA

If Lis context-free, then
there exists a number p such that
Foreverys € Lwith|s| > p
we can decompose s into uvxyz where
1. VY # €
2. vxyl <p
3. uvixy'z € Lforeveryi > 0.
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Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := aPbPcP. (Note that [s| > p.)

v" Consider all possible decompositions
s=uvxyz with vy #e A |[vxy| <p.
v" None of them stay in L when we pump. (Why?)

V' Contradiction.
So Lis not context-free. QED.
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Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := 0P 10P 1. (Note that [s| > p.)

v' Consider all possible decompositions
s=uvxyz with vy #e A |[vxy| <p.

v" Oops...this string can be pumped! Tells us nothing.



CFG Intro Pumping
\ :

L:={ww|we{0,1}}

Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := 0P 1P0P1P. (Note that |s| > p.)



CFG Intro Pumping
\ :

L:={ww|we{0,1}}

Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := 0P 1P0P1P. (Note that |s| > p.)

v' Consider all possible decompositions

s=uvxyz with vy #e A |[vxy| <p.



CFG Intro Pumping
\ :

L:={ww|we{0,1}}

Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := 0P 1P0P1P. (Note that |s| > p.)

v' Consider all possible decompositions
s=uvxyz with vy #e A |[vxy| <p.

v" None of them stay in L when we pump. (Why?)



CFG Intro Pumping
\ :

L:={ww|we{0,1}}

Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := 0P 1P0P1P. (Note that |s| > p.)

v' Consider all possible decompositions
s=uvxyz with vy #e A |[vxy| <p.

v" None of them stay in L when we pump. (Why?)
V' Contradiction.



CFG Intro Pumping
\ :

L:={ww|we{0,1}}

Suppose L were context-free
V' Let p be the pumping length
v Consider, for example, s := 0P 1P0P1P. (Note that |s| > p.)

v' Consider all possible decompositions
s=uvxyz with vy #e A |[vxy| <p.

v" None of them stay in L when we pump. (Why?)
v Contradiction.
So Lis not context-free. QED.
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INTUTITION

If our parse tree is tall enough, there must be a path with a repeating
nonterminal.

S

Consequence?
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PUMPING

v' How canwe be sure that v andy arent empty?

v How can we ensure vxy is short enough?



CFG Intro Pumping
\ :

REGULAR GRAMMARS

A grammar is regular if its rules are all of the forms:

X — a
X — a¥Y
X — ¢
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ExAMPLE REGULAR GRAMMAR

NOYOI®E®
R A A

1B
1B
0C
0S
0S
1B
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ExAMPLE REGULAR GRAMMAR

1B
1B
0C
0S
0S
1B

NOYOI®E®
R A A

How could we turn this into a finite state machine?



	CFG Intro
	Pumping

