
CS 60 today! hw8 due Tues., 4/8

(1) BSTNode

(2) min-change  (dyn prog)

(3) Floyd-Warshall!Seam carving!? 

Schedule…

Thanks, Meghana!

hw9 ~ due Mon. 4/14

hw10 ~ due Mon. 4/21

hw11 ~ due Fri. 5/2

Ex. Cr. project…

Final exam ~ due Thurs. 5/15



Dynamic Programming

(1) Express a problem recursively

(2) Do as little as possible

Who is this talking about?



Dynamic Programming

(1) Express a problem recursively

(2) Do as little as possible

If you can make a small set of recursive calls  

one-time each, storing the results in a table –

you can gain huge big-O and real-time speedups!

for the computer!







DP ~  Fibonacci

Use-it-or-lose-it is a conceptual guide:

fib(N) = fib(N-1) + fib(N-2)

fib(0) = 1

fib(1) = 1

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, …

fib(10)
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but it's way too inefficient for large problems!
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DP ~  Fibonacci

Use-it-or-lose-it is a conceptual guide:

fib(N) = fib(N-1) + fib(N-2)

fib(0) = 1

fib(1) = 1

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, …

fib(10)

Is there an identifiable source of the inefficiency here?
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inefficiency here == too many repeated calls!

What's the big-O if 

we make each call 

to fib only once!?
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DP ~  Fibonacci

Use-it-or-lose-it is a conceptual guide:

fib(N) = fib(N-1) + fib(N-2)

fib(0) = 1

fib(1) = 1

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, …

and dynamic programming makes a table of all possible calls:

…can make some exponential run-times into polynomial ones 

fib(10)

0 1 2 3 4 5 6 7 8 9 10



Knapsack…



Knapsack contents?



Suppose a friend can consume 

a candy weight/cost of 13. 

Each candy has different 

"values"

How can you maximize their 

candy-value experience?
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Knapsack…



First, think recursively…

i = 5

max_val( 13 ) = 

Try this:   use it or use it or use it or use it or use it or lose it

Knapsack…
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Let's see it in action, too…



First, think recursively…

max_val( 13 ) = 

What's the big-O runtime of this algorithm, as stated?

max_val( capacity-1 )  

max_val( capacity-wi )  +  vi

max

over all possible i

Knapsack…
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0 1 2 3 4 5 6 7 8 9 10 11 12 13

CAPACITY

Minimize 

work!

Fill in this table from 0 up to the actual capacity of interest…

Create a table of possible recursive calls.

Compute the results of each one bottom-up.

No need for the overhead of the function calls!

T[ cap ] = the 

maximum value 

obtainable for the 

capacity cap
Does this table hold values or weights?

Which values are "easy" to fill in?

How do we fill in each cell?

Knapsack with DP

Is this table indexed by value or weight?



Quiz

(1) Fill in this table of best-results for the knapsack problem: 

(2) Estimate the big-O runtime of this table-filling 

algorithm, in terms of N, the number of items available.

What else does the big-O runtime depend on?

0 1 2 3 4 5 6 7 8 9 10 11 12 13

CAPACITY

Fill in this table from 0 up to the actual capacity of interest…

0 0 100

Each cell has T[ cap ], the maximum value obtainable for the capacity cap

(3) How could you also keep track of 

the items to take using a 2nd table 

with one item per cell?

CAPACITY

VALUE

O
n
e
 I
te
m

Name(s) ________________________



Knapsack!

Why are these important for knapsacking at HMC ?



hw8pr2: Change

Minimizing 

change...change( 27,  [1,5,10,25] ) 

we want the fewest coins that 

will produce this total

these are the denominations                          

(can use each as many times as we want)

1c is always 

available

3
fewest coins for a desired total

(1, 1, 25)

You'll write this 

two times…

recursively:  in Racket

dynamic programming:  in Java



Minimizing 

change...change( 27,  [1,5,10,25] ) 

we want the fewest coins that 

will produce this total

these are the denominations                          

(can use each as many times as we want)

change( 18,  [1,5,9,10,12] ) 

1c is always 

available

change( 27,  [1,5,10] ) 

3

change( 18,  [1,5,10,12] ) 

fewest coins for a desired total

(1, 1, 25)



in Racket:  recursion 

use-it-or…-or-lose-it

in Java: dynamic programming!

we want the fewest coins that 

will produce this total

out of these denominations                     

(we can use as many times as we want)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

16 17 18

change( 18,  [1,5,9,10,12] ) 

Try filling out this table by hand 

– this is the DP algorithm!

Fill in this table from 0 up to the actual amount of interest…

Each top cell has Min[ amt ], the minimum # of coins that can create amt



Shortest paths!

Suppose we'd like the 

shortest route from 

any city to any other.

didn’t we solve this already?

"shortest"?



Shortest paths!

Suppose we'd like the 

shortest route from 

any city to any other.

Computationally, many path-planners 

represent their maps as GRAPHS

"shortest"?
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Racket:   min-path

What's the big-O running time?



hw8pr3:   Floyd-Warshall

Stephen Warshall



Idea:  start with an adjacency matrix
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Insight:   consider waypoints 1 at a time
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1 entry will 

change – which?

intermediate nodes: 0
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Done!

3

We now have all of the shortest-distances 

between all (src, dst) pairs!

And what about the paths?

What's the big-O runtime?
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We now have all of the shortest-distances 

between all (src, dst) pairs!

And what about the paths?

What's the big-O runtime?
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How could we keep track of the 

paths as we go…?!



Thanks, Kevin!

FW is popular in practice…



Join us for LAC hours Friday!



src

0

1

2

3

0 1 2 3

"from"

dst
"to"

4228140

0

0

0

inf 2814

infinf

3824

14

10

0

1

2
3

14

14

14

10

50

100

intermediate nodes: 0 1 2

check each src to each dst THROUGH Step 4
3 entries will 

change – which?

3

3



src

1

2

3

4

1 2 3 4

"from"

dst
"to"

4228140

0

0

0

2814

3824

14

10

O(      ) ?Done!

38

3824
min

T[k][src][dst]

=

T[k-1][src][dst]

T[k-1][src][k] + 

T[k-1][k][dst]

Whole algorithm!

use k

lose k

4 intermediate node(s)

1 2 3 4

the path?
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Edge Cost Through A Cost Through B Cost Through C Cost Through D Cost

A → A 0 A → A → A 0 A → B → A 0 A → C → A 0 A → D → A 0

A → B 4 A → A → B 4 A → B → B 4 A → C → B 4 A → D → B 4

A → C 2 A → A → C 2 A → B → C 2 A → C → C 2 A → D → C 2

A → D ∞ A → A → D ∞ A → B → D ∞ A → C → D 10 A → D → D 10

B → A ∞ B → A → A ∞ B → B → A ∞ B → C → A ∞ B → D → A 25

B → B 0 B → A → B 0 B → B → B 0 B → C → B 0 B → D → B 0

B → C 1 B → A → C 1 B → B → C 1 B → C → C 1 B → D → C 1

B → D ∞ B → A → D ∞ B → B → D ∞ B → C → D 9 B → D → D 9

C → A ∞ C → A → A ∞ C → B → A ∞ C → C → A ∞ C → D → A 24

C → B ∞ C → A → B ∞ C → B → B ∞ C → C → B ∞ C → D → B 28

C → C 0 C → A → C 0 C → B → C 0 C → C → C 0 C → D → C 0

C → D 8 C → A → D 8 C → B → D 8 C → C → D 8 C → D → D 8

D → A 16 D → A → A 16 D → B → A 16 D → C → A 16 D → D → A 16

D → B ∞ D → A → B 20 D → B → B 20 D → C → B 20 D → D → B 20

D → C ∞ D → A → C 18 D → B → C 18 D → C → C 18 D → D → C 18

D → D 0 D → A → D 0 D → B → D 0 D → C → D 0 D → D → D 0

Y → X → X or X → X → Y No change

X → X or X → Y → X No change (already 0)
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Length of max path 

to get to this node.

1 1 2 2 2 3 4 4

Parents?

MISS example



Length of max path 

to get to this node.

1 1 2 2 2 3 4 4

-1 -1 0 0 1 4 5 5
Parents

0 1 2 3 4 5 6 7

indices

MISS example

Let's see it in action…



hw11 problem 3:  big-O

(Part 3) big-O analysis
All functions are equal; some functions 

are more equal than others… 

George big-Orwell



hw11 problem 3:  big-O

(Part 3) big-O analysis
All functions are equal; some functions 

are more equal than others… 

George big-Orwell

today’s CS 60 sponsor

Don Knuth (75)

nearly flawless… at a relatively small price


