
CS O(1) 

today…

Next CS 60 assignment…

Due Tuesday,  4/15/14 …

Do less!

This week:   the art and science of designing fast algorithms

finally some 

advice I can use!!

Sorting out big-O!

Spam @ LACMA!

with big-O!

Caught up?   grading or other concerns? Let me know…

Facing recursion's big-O:  

recurrence relationships









in Java: dynamic programming!

we want the fewest coins that 

will produce this total

out of these denominations                     

(we can use as many times as we want)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

16 17 18

change( 18,  [1,5,9,10,12] ) 

Try filling out this table by hand 

– this is the DP algorithm!

Fill in this table from 0 up to the actual amount of interest…

Each top cell has Min[ amt ], the minimum # of coins that can create amt

Watch out for the 

INITIAL value for each 

entry in these tables!
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check each src to each dst THROUGH 0Step 1
1 entry will 

change – which?

intermediate nodes: 0
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Done!
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We now have all of the shortest-distances 

between all (src, dst) pairs!

And what about the paths?

What's the big-O runtime?
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We now have all of the shortest-distances 

between all (src, dst) pairs!

And what about the paths?

What's the big-O runtime?
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How could we keep track of the 

paths as we go…?!



Thanks, Kevin!

FW is popular in practice…



Publishing success?

Looking to publish that first article?  Consider Knuth's example…







… not necessarily

stalking Don Knuth





Did I mention Knuth 

invented TeX?



Time matters…

But counting all steps is too precise.

New machines make code run faster...

To capture the efficiency of an algorithm…

Big-O

… but not more efficiently ! 

… or the difficulty of a problem!



f  ∈ O(g)  means

(∃c) (∃N) (∀n > N)  f(n)  < c*g(n)

I thought it stood for 
Oppressing constants!

We need to find 

c and N such that 

for all n > N,       

42n2 + 100n ∈ O(n2)

c = 

N = 

Big  O definition

42n2 + 100n < cn2

To claim that

such that, for all input sizes 

bigger than that threshold, N

and a  

threshold N

there exists a 

coefficient c
g is bigger than f

up to a constant factor



f  ∈ O(g)  means

(∃c) (∃N) (∀n > N)  f(n)  < c*g(n)

We need to find 

c and N such that 

for all n > N,       

42n2 + 100n ∈ O(n2)

c = 

N = 

Big  O in practice

42n2 + 100n < cn2

To claim that

such that, for all input sizes 

bigger than that threshold, N

and a  

threshold N

there exists a 

coefficient c
g is bigger than f

up to a constant factor



Big  O in practice

420n2 +  3n3 - 201

even then, ignore the constant
Ignore everything but the dominant term

17  +  300       + 2log(n)√n

117     2n

n       3n
+ + 1700

Big-O is formally an upper bound, but in general we want the BEST upper bound…



big-O   hierarchy

N!

log(N)

N2

N
3

2N

N

42

NN

√ N

Sort by asymptotic size (O) Match to algorithms

N•log(N)

function

running times… largest? next? smallest?

D. closest pair in N unsorted #s

G. NxN matrix multiplication

F. is N prime?

A. finding x in an N-element 

balanced binary search tree?

B. finding the rest of a length-N list

E. tautology checking with N vars

H. shortest tour of N cities

J. finding the median of a list

C. finding x in an length-N list

Name(s):  ________________________

I. sorting a list of N elements



CS's challenge…

n!

log(n)

n2

n
3

2n

n

1

nn

√n

Big-O Order

n log(n)

Problem-solving strategy:

Push a problem as far down 

the hierarchy as possible, then

worry about constants... .

Intractable Problems   (Exponential)

Tractable Problems   (Polynomial)

No Problems!



imagine the time units ~ nanoseconds: 10**(-9)

factorial? don't even ask!

P
o
ly

n
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m

ia
l

E
x
p
.



So, I have an algorithm…

What's the  

big-O 

runtime?



How many terms are here? What’s the big-O sum?

What’s the big-O sum of these values?

1 + 2 + 3 + 4 + … + (N-2) + (N-1) + N

What’s the big-O sum of these values?

1 + 2 + 4 + 8 + … + 2N-2 + 2N-1 + 2N

Series, big-O style!

big-O

1 + 2 + 4 + 8 + … + N/4 + N/2 + N



How many terms are here? What’s the big-O sum?

1 + 2 + 4 + 8 + … + N/4 + N/2 + N

N

N/2
…

4

2

1

log(N) 

terms

2N



How many terms are here? What’s the big-O sum?

…

4

2

1

1 + 2 + 4 + 8 + … + 2N-2 + 2N-1 + 2N

2N

2N-1

how 

many 

terms?

2N+1



How many terms are here? What’s the big-O sum?

N
N-1

…

3
2

1

N terms

1 + 2 + 3 + 4 + … + (N-2) + (N-1) + N

N2



Loop Counting

What's the big-O running time of each of these loops?

for ( int i=0 ; i<N ; ++i )

1 step of work here…

for ( int i=N ; i>0 ; i/=2 )

1 step of work here…

OL IL OL IL
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Sum up the work 

Inside the Loop –

using big-O…



for ( int i=0 ; i<N ; ++i )  

for ( int j=0 ; j<N ; ++j )

1 time step of work here…

Loop Counting
What's the big-O running time of each of these loops?

i see you're up 

to something…

for ( int i=1 ; i<=N ; ++i )  

for ( int j=1 ; j<=i ; ++j )

1 time step of work here…
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Sum up the work 

Inside the Loop –

using big-O…
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Loop Counting

In general, create a 

table of work done…

T
ra

c
k
 t

h
e
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u
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L
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o
p

 i
n

d
e

x
 

OL

i=1

i=2

i=N

IL Compute the Inner Loop's work

Complicated nested loops  may 

require additional thought for 

each of these rows…!…

1 j ~ 1 to 1

2 j ~ 1 to 2

i

N

j ~ 1 to i

j ~ 1 to N

+

Ask Prof. Su for the sum of the series…O( N2 )

for ( int i=1 ; i<=N ; ++i )  

for ( int j=1 ; j<=i ; ++j )

1 time step of work here…



What about 

recursive code?



Recurrence Relations

def sum( L ):

if L == []: return 0

else: return L[0] + sum( L[1:] )
counting additions

T(N) is the running time of sum, with input size N

T(0) = 0 (additions)

T(N) = recurrence relation



Recurrence Relations

def sum( L ):

if L == []: return 0

else: return L[0] + sum( L[1:] )
counting additions

T(N) is the running time of 

sum with input size N

T(N) = 1 + T(N-1) recurrence relation

To solve: "Unwind" the relation 

until all of the terms are known.

T(0) = 0



Recurrence Unwinding

def g( L ):

if L == []: return 1

h = len(L)/2

return sum(L), g(L[:h]), g(L[h:]) 

g, this 

seems 

weird… 

T(N) =

still counting additions !

T(N) is now the running time of g, with input size N

T(0) = 0



Recurrence Unwinding

def g( L ):

if L == []: return 1

h = len(L)/2

return sum(L), g(L[:h]), g(L[h:]) 

g, this 

seems 

weird… 

T(N) =

still counting additions !

T(N) is now the running time of g, with input size N

T(0) = 0

N + 2T(N/2)



Recurrence Unwinding

T(N) =

T(0) = 0

N + 2T(N/2)

N + 2(                         )

T(A)    =

T(   )    =

T(N/2)   =



Recurrence Unwinding

T(N) =

T(0) = 0

N + 2T(N/2)

N + 2( N/2 + 2*T(N/4) )

T(A)    =

T(   )    =

T(N/2)   =

A + 2T(A/2)

+ 2T(   /2)

( N/2 + 2T( N/4 ) )



Recurrence Unwinding

T(N) =

T(0) = 0

N + 2T(N/2)

N + 2( N/2 + 2*T(N/4) )



Recurrence Unwinding

T(N) =

T(N) is the running time of g, with input size N

T(0) = 0

N + 2T(N/2)

N + 2( N/2 + 2*T(N/4) )

N + 2( N/2 + 2*( N/4 + 2*T(N/8) ) )

N +    N    +      N    +       N + …

O(N log(N))



Try it!

T(1) = 0

T(N) = 2N + T(N/2)

These are similar in spirit to problem #1 on the homework…
count each move

as 1 operation

hanoi(1,A,B) => move disk from A to B  

hanoi(N,A,B) => C is the “other peg”,

hanoi(N-1,A,C),

hanoi(1,A,B),

hanoi(N-1,C,B)

for (int i=1 ; i<=N ; i*=2)
for (int j=0 ; j<i ; j++ )

// O(1) work here…

for (int i=1 ; i<=N ; i*=2)
for (int j=1 ; j<i ; j*=2)

// O(1) work here…

1 3

2
4

Write and solve the hanoi recurrence relation, T(N)

Finding big-O running times of looping and recursive code…

Values of    i

i=1

i=2

i=4

i

i=N

j work

OL IL T(1) = 

T(N) =

Values of    i j work

OL IL



Try it!

T(1) = 0

T(N) = 2N + T(N/2)

These are similar in spirit to problem #1 on the homework…

for (int i=1 ; i<=N ; i*=2)
for (int j=0 ; j<i ; j++ )

// O(1) work here…
1

2

Finding big-O running times of looping and recursive code…

Values of i

i=1

i=2

i=4

i

i=N

j runs

OL IL

= 2N + 2(N/2) + T(N/4) 

= 2N + 2(N/2) + 2(N/4) + T(N/8) 

= 2N + 2(N/2) + 2(N/4) + … + 2(2) + T(1)

= 2N + N + N/2 + … + 4 + 0

= 4N - 4
O(N)

1 time

2 times

4 times

i  times

N times

sum this 

column

+
O(N)

=   2N - 1  work

hanoi(1,A,B) => move disk from A to B  

hanoi(N,A,B) => C is the “other peg”,

hanoi(N-1,A,C),

hanoi(1,A,B),

hanoi(N-1,C,B)

for (int i=1 ; i<=N ; i*=2)
for (int j=1 ; j<i ; j*=2)

// O(1) work here…

3

4

T(1) = 1      (one move for one disk)

T(N) = 1 + 2T(N-1)       (1 base case + 2 big recursions)

= 1 + 2( 1 + 2T(N-2) )

= 1 + 2( 1 + 2( 1 + 2T(N-3) ) )

= 1 + 2( 1 + 2( 1 + 2( …  2( 1 + 2T(1) ) … ) ) )

= 1 + 2 + 4 + 8 + … + 2N-1 O(2N)

Values of i

i = 1
i = 2
i = 4
…
i = N

j runs

0 times
1 times
2 times
…
log(N) times

sum up this column

+ O(log2(N))

= 2N-1 - 1 

= log(N)(log(N)+1) / 2

OL IL

count each move
as 1 operation



Strategies for fast-algorithm design…

Brute Force -- always consider it first!

How valuable is computer time?

Divide and Conquer
Divide the problem recursively and then 

reassemble the pieces

Use data structures

Remembering previous function calls 

Look-up tables of partial results



Donald Knuth? www-cs-faculty.stanford.edu/~knuth

Slightly eccentric perfectionist  + Fan of road signs = 

my favorites…



Donald Knuth? www-cs-faculty.stanford.edu/~knuth

Slightly eccentric perfectionist  + Fan of road signs = 



Donald Knuth? www-cs-faculty.stanford.edu/~knuth

Slightly eccentric perfectionist  + Fan of road signs = 



Sorting out big-O !

Sorting is the drosophila of computer science…

Some fruit flies are less 
equal than others…



Sorting Algorithms

3 1 2

List of length  n

3 1 2

List of length  n

Check:

3  1  2

3  2  1 

1  2  3

1  3  2

2  1  3

2  3  1

running time  ??

the fruit flies of complexity theory...

BogoSort !
shuffle numbers

check if sorted

if not, repeat….

PrologSort
check all permutations until sorted

PermutationSort



Sorting Algorithms

3 1 2

List of length  n

3 1 2

List of length  n

Check:

3  1  2

3  2  1 

1  2  3

1  3  2

2  1  3

2  3  1

Slow:

1  1  1

1  1  2

1  1  3

1  2  1

1  2  2

1  2  3

1  3  1

1  3  2

1  3  3

2  1  1

2  1  2

2  1  3

2  2  1

2  2  2

2  2  3

2  3  1

2  3  2

2  3  3

3  1  1

3  1  2

3  1  3

3  2  1

3  2  2

3  2  3

3  3  1

3  3  2

3  3  3

running time  ??

the fruit flies of complexity theory...

BogoSort !
shuffle numbers

check if sorted

if not, repeat….

PrologSort
check all permutations until sorted

PermutationSort



Polynomial sorting

def cs5sort(L):

if len(L) < 2: return L

if L[0] == min(L): 

return [L[0]] + cs5sort(L[1:])

return cs5sort(L[1:] + L[0])

My favorite sorting algorithm!

cs5 sort
big-O ?



MinSort + InsertionSort

4 7 5 2 1 3 0 6keep finding the min…

better than O(N2)?

worst-case?

best-case?

4 7 5 2 1 3 0 6keep inserting elements…



Strategies for algorithm design

Brute Force -- always consider it first!

How valuable is computer time?

Divide and Conquer
Divide the problem recursively and then 

reassemble the pieces

Use data structures

Remembering previous function calls 

Look-up tables of partial results



MergeSort
7 4 3 2 1 5 0 6

Recurrence 

relation?

even better than O(Nlog(N))?

HERE THERE BE RECURSION!

1 5 0 67 4 3 2

0 1 5 62 3 4 7

0 1 2 3 4 5 6 7

divide

conquer



Can we sort faster than  Nlog(N) ?

n!

log(n)

n2

n
3

2n

n

1

nn

√n

Order

n log(n)

Problem-solving strategy:

Push a problem as far down 

the hierarchy as possible, then

worry about constants... .

Intractable Problems   (Exponential)

Tractable Problems   (Polynomial)

No Problems!

?



Can we sort faster than  Nlog(N) ?

n!

log(n)

n2

n
3

2n

n

1

nn

√n

Order

n log(n)

Intractable Problems   (Exponential)

Tractable Problems   (Polynomial)

No Problems!

?

and we will on Thursday…


