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Satisfiability for Boolean Logic

Given a formula ¢, is it possible to assign all
variables the values T or F so that the formula
evaluates to 17

d=XVyY AN(-xVzZ)A(zVwW)AXxA(yVv)

(x,y,z,w,v)=(I,F, T,F,T)

A satisfying assignment is called a model for .

A harder problem: how many models are there?



Model Counting for Boolean Logic

Easy! Just make the

truth table and count!
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Model Counting for Boolean Logic
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Model Counting for Boolean Logic

X |y |z | w]|vVv 0
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Easy! Just make the
truth table and count!

¢ has 6 models.

This approach is ©(2").

Bummer!



Model Counting for Boolean Logic

In 1962, Davis, Putnam, Logemann, Loveland
published the DPLL algorithm for Boolean SAT.

DPLL is the backbone of modern industry-grade
automated theorem proving (Amazon, Microsoft, NASA, ..

DPLL is also a model counting algorithm!
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DPLL Execution Example

{z,x,y Vv v}

/ N\

X—F x—T

/ \

UNSAT {z,F,yvv} {z,T,yVvv}

/N

z—F z— T

/ \

UNSAT {F,T,yvv} {T,T,yVv}

/N

y—F y—T

/ \

{T, T,FVvv} {T, T, TV v} SAT

/N

v—=F ve—T

/ \

UNSAT {T7,T,FV F} {T,T,FVv T} SAT

Conclusion: ¢ is satisfiable



Davis-Putham-Logemann-Loveland (DPLL) Algorithm

Function : DPLL(¢)

Input : CNF formula ¢ over n variables
Output :true or false, the satisfiability of F
begin

UnitPropagate(¢)

if ¢ has false clause then return false

if all clauses of ¢ satisfied then return true

X < SelectBranchVariable(¢)

return DPLL(¢[x — true|) v DPLL(¢[x — false])
end
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DPLL Execution Example

t:4 {Z,X,y\/V}

/ N\
X—F x—T
/ \
t = 3 UNSAT {z,F,yvv} {z,T,yvv} t =13
/ N\
z—F z— T
/ N\
{ = 2 UNSAT {F,T,yvv} {T,T,yvv} t =2
/ N\
y—F y—T
/ N\
t =1{T.T,Fvv} (T, T, Tvv} saT t = 1
/N 2t = 2 models
v—=F ve—T
/ AN
t = QUNSAT {T,T,FVF} (T, T,FVvT}y saTt =0
21 = 1 model

Conclusion: ¢ has 3 models
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Input : CNF formula ¢ over n variables;
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

iIf ¢ has false clause then return false

if all clauses of ¢ satisfied then return true

X < SelectBranchVariable(¢)

return DPLL(¢[x — true], )V DPLL(¢[x — true], )
end




Davis-Putham-Logemann-Loveland (DPLL) Algorithm

DPLL can be converted into a procedure for #CNF-SAT.

Function : DPLL(¢) 1)

Input : CNF formula ¢ over n variables;|t € Z
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

if ¢ has false clause then return false

If all clauses of ¢ satisfied then return true
X < SelectBranchVariable(¢)

return DPLL(¢[x — true]|t — 1) v DPLL(¢[x — true],[t — 1)
end




Davis-Putham-Logemann-Loveland (DPLL) Algorithm

DPLL can be converted into a procedure for #CNF-SAT.

Function : DPLL(¢,t)

Input : CNF formula ¢ over n variables; t € Z
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

if ¢ has false clause then return|false
If all clauses of ¢ satisfied then return true

X < SelectBranchVariable(¢)

return DPLL(¢[x — frue],t — 1) v DPLL(¢[x — true],t — 1)
end




Davis-Putham-Logemann-Loveland (DPLL) Algorithm

DPLL can be converted into a procedure for #CNF-SAT.

Function : DPLL(¢,t)

Input : CNF formula ¢ over nvariables; t € Z
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

if » has false clause then return|0
If all clauses of ¢ satisfied then return true

X < SelectBranchVariable(¢)

return DPLL(¢[x — frue],t — 1) v DPLL(¢[x — true],t — 1)
end




Davis-Putham-Logemann-Loveland (DPLL) Algorithm

DPLL can be converted into a procedure for #CNF-SAT.

Function : DPLL(¢,t)

Input : CNF formula ¢ over n variables; t € Z
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

if ¢ has false clause then return 0
if all clauses of ¢ satisfied then return|irue
X < SelectBranchVariable(¢)

return DPLL(¢[x — true|,t — 1) v DPLL(¢[x — true],t — 1)
end




Davis-Putham-Logemann-Loveland (DPLL) Algorithm

DPLL can be converted into a procedure for #CNF-SAT.

Function : DPLL(¢,t)

Input : CNF formula ¢ over nvariables; t € Z
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

if ¢ has false clause then return 0
if all clauses of ¢ satisfied then return|2!
X < SelectBranchVariable(¢)

return DPLL(¢[x — true],t — 1) v DPLL(¢[x — true],t — 1)
end




Davis-Putham-Logemann-Loveland (DPLL) Algorithm

DPLL can be converted into a procedure for #CNF-SAT.

Function : DPLL(¢,t)

Input : CNF formula ¢ over nvariables; t € Z
Output : #¢, the model count of ¢
begin

UnitPropagate(¢)

if ¢ has false clause then return 0

if all clauses of ¢ satisfied then return 2!

X < SelectBranchVariable(¢)

return DPLL(¢[x — frue],t — 1)|+ DPLL(¢[x — true],t — 1)
end




The Big Idea

DPLL ———> #DPLL

Satifiability Counting
. —————— .
Algorithm Algorithm
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Model Counting for Arrays

Vi:0<adli]< kN0 <Dbli]< k

Vi: ali] # bli]
length(a) = n
length(b) = n

First, is this SAT?
k=4,n=5a=1[1,1,1,1,1,b=10,2,3,2,0]

For a given k and n, how many models?

#p(k, n) = (k% — k)"



Model Counting for Arrays

Vi:0<dli]< k

Vi,j:i<j= dali] < d|j]
— a s sorted
length(a) = n

length(b)

n
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Model Counting for Arrays

Vi:0<dli]< k

Vi:i < pivot = ali] < a|pivot]

Vi:i> pivot = d[i]> a[pivot] | quicksort partitioning

length(a) = n

We could do ad-hoc analysis for every
constraint, but we want an algorithm!
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Model Counting for Arrays

The SAT algorithm (Proposed) counting
for arrays algorithm for arrays
¢ € Array Theory ¢ € Array Theory
lT13A—>U/F lT1’:A—>U/F

¢’ € UIF Theory ¢’ € UIF Theory
sziUlF%EL lTZ’:UlF—>EL
¢" € Equality Logic ¢" € Equality Logic

lTé:EL—>LIA

There is a SAT ¢ € Linear Integer Arithmetic
algorithm for this! | |

There is a poly-time
counting algorithm for this! —
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