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Binary Decision Diagrams

A Binary Decision Diagram (BDD) is a data structure for
representing the truth values of formulas in propositional logic.

Example: consider the formula ¬x ∧ ¬y and the truth table.
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F
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The same information can be
encoded in a decision tree.
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A more compact
representation of ¬x ∧ ¬y
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Reduction Rule 1: Merge duplicated terminal nodes.

⇒



Reduction Rule 2: Remove redundant tests.
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Reduction Rule 3: Remove duplicate sub-BDDs.

⇒
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BDD1 BDD2

BDD1 ≡ BDD2
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BDD1 BDD2



Reduction Rule 3: Remove duplicate sub-BDDs.

⇒

w v
F T F T

BDD1
BDD2

BDD1 ≡ BDD2

w v
F T F T

NOTE: They can be
structurally
identical, even if
they overlap.

BDD1
BDD2
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formula (x ∧ y) ∨ (¬y ∧ z) to an ROBDD.
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Important properties of BDDs

Ordered BDD (OBDD): variables are checked in a
given order. E.g x > y > z.

Reduced OBDD (ROBDD): Cannot be reduced any further.

Theorem: ROBDDs are unique for a given ordering.



Important properties of BDDs

ROBDD size is sensitive to variable ordering!



BDDs via Shannon Expansion

x

Bf [F/x ] Bf [T /x ]

F T

f ≡ (x = F )∧f [F/x ] ∨ (x = T )∧f [T /x ]

then reduce
For now,
recursively
compute

In class example: f ≡ ¬x ∨ ¬y
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Useful things to do with BDDs
Imagine that you have two Boolean logic formulas f
and g, and you also have BDDs for each of them, say
Bf and Bg. How would you accomplish the following?

Test if f is a tautology
Test if f is a satisfiable
Test if f ≡ g
Compute the BDD for ¬f
Compute the BDD for f ∧ g
Compute the BDD for f ∨ g



Binary ops on Bf and Bg

Given f and g, let’s compute Bf⋆g from Bf and Bg,
where ⋆ ∈ {∧, ∨}.

Let apply(⋆, Bf , Bg) be the function that computes Bf⋆g.

We will compute apply(⋆, Bf , Bg) recursively.

What are the base cases?

apply(⋆, t1 t2, ) = t1 ⋆ t2
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Rule 1a
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Binary ops on Bf and Bg: A bunch of recursive cases:

apply(⋆, , ) =
x

Bf [F/x ] Bf [T /x ]

F T

y
F T

y

Bg[F/y] Bg[T /y]

F T

different variables

apply(⋆, , ) apply(⋆, )Bg[F/y]

If y > x in the BDD ordering:
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Binary ops on Bf and Bg:

f ≡ (x1 ∨ x2) ∧ x3 g ≡ (x1 ∧ ¬x2)

x1

x2

x3
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F

F
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T

T

T

Compute Bf∨g using Bf and Bg

x1
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F
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Binary ops on Bf and Bg:

f ≡ (x1 ∨ x2) ∧ x3 g ≡ (x1 ∧ ¬x2)
Compute Bf∨g using Bf and Bg

x1

x2 x2

x3

F T

F T

F

F

F

T

T

T



Transition System Representations
A transition system M can be specified by
listing out all of the pieces.

0 1

2 3

States: S = {0, 1, 2, 3}

Transitions:
(0, 1)
(1, 0)

(0, 2)
(2, 0)

(1, 3)
(3, 1)

(2, 3)
(3, 2)R ={ }

Initial States: I = {0}



Symbolic Representation
Represent M using Boolean logic.

0 1

2 3
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States binary truth values Boolean formula
x y x y

0
1
2
3

0
0
1
1

0
1
0
1

F
T
F
T

F
F
T
T

¬x ∧ ¬y
¬x ∧ y
x ∧ ¬y
x ∧ y

FF FT

T F T T

Boolean state
variables

V = {x, y}
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Symbolic Representation
Represent M using Boolean logic.

FF FT

T F T F

Transitions:

xy x ′y′

Let the “next” state variables be
V ′ = {x ′, y′}

R ≡ (x ′ = x ∧ y′ = ¬y) ∨ (x ′ = ¬x ∧ y′ = y)

“we can get from one state to the next by keeping
one variable the same and negating the other”

(0, 1)
(1, 0)

(0, 2)
(2, 0)

(1, 3)
(3, 1)

(2, 3)
(3, 2)

Explicit
transitions



x

x ′ x ′

y y

y′ y′

F T

T

T

T

T

T

T

T

F

F F

F F

F F

Symbolic Representation
R ≡ (x ′ = x ∧ y′ = ¬y) ∨ (x ′ = ¬x ∧ y′ = y)

BDD for R


